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Abstract
An additive hereditary property of graphs is any class of simple graphs which is closed
under unions, subgraphs and isomorphisms. The set of all such properties is a lattice with set
inclusion as the partial ordering. We study the elements of this lattice which are meet- join- and
doubly-irreducible. The signi6cance of these elements for the lattice of ideals of this lattice is
discussed. c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
For terminology and notation from the theory of graphs not explicitly given in this
paper we follow [1]; for terminology and notation from the theory of lattices not
explicitly given in this paper we follow [5].
An additive hereditary property of graphs is any class of simple graphs which is
closed under isomorphisms, unions and subgraphs. The set of all additive hereditary
properties of graphs, partially ordered by set inclusion, is a lattice; we will use the
notation (La;⊆), or only La, to denote this lattice of properties. Since La is closed
under arbitrary intersections it forms a complete lattice.
Given any set A of graphs, the property generated by A, denoted by [A]a⊆, is
the least property in La which contains A. Clearly, [A]a⊆ is the intersection of all the
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properties in La which contain A. It is easy to see that [A]a⊆ is the property consisting
of all subgraphs of disjoint unions of graphs in A.
Let P and Q be properties in La. The meet of P and Q, denoted by P ∧ Q, is the
largest property in La contained in both P and Q. Since La is closed under intersections,
P∧Q=P∩Q. The join of P and Q, denoted by P∨Q, is the least property containing
both P and Q, that is P ∨ Q= [P ∪ Q]a⊆.
Let P be a property of graphs in La. P is ∧-irreducible (or meet-irreducible)
in La if there are no properties Q and R in La, both diHerent from P, such that
P=Q ∧ R; if such properties do exist in La then P is ∧-reducible in La. Similarly,
P is a ∨-irreducible (or join-irreducible) property in La if there are no properties
Q and R in La, both diHerent from P, such that P=Q ∨ R; if such properties do
exist in La then P is ∨-reducible in La. We will also say that P is doubly irreducible
in La if it is both ∧- and ∨-irreducible in La.
For any property P in La, the set F(P) of minimal forbidden subgraphs of P is
de6ned by F(P)= {G :G ∈ P but every proper subgraph of G is in P}. It is easy
to see that, for an additive property of graphs, the set F(P) contains only connected
graphs. If S is a set of graphs, we write min4[S] for the set of graphs in S that are
minimal with respect to the partial order 4 on I. Thus F(P)=min⊆[I −P].
A set A of graphs is called up-directed if for every two graphs F and G in A
there is a graph H in A such that F ⊆ H and G ⊆ H .
Let n be a positive integer with n¿ 2 and consider additive hereditary properties
P1;P2; : : : ;Pn. A (P1;P2; : : : ;Pn)-partition of a graph G is a partition {V1; V2; : : : ; Vn}
of V (G) such that for each i=1; 2; : : : ; n the subgraph G[Vi] induced by Vi has property
Pi. The product P1 ◦P2 ◦ · · · ◦Pn is now de6ned as the set of all graphs having a
(P1;P2; : : : ;Pn)-partition. Such a product is easily seen to be hereditary if each Pi is
hereditary and additive if each Pi is additive. A ◦-reducible property R is a property
in La which can be written as a product of non-trivial properties from La; if this is
not possible we call R a ◦-irreducible property. If R=P1 ◦ P2 ◦ · · · ◦ Pn, we call
P1 ◦P2 ◦ · · · ◦Pn a factorization of R. In [8] it is shown that every property in La
can be written in a unique way as a product of ◦-irreducible properties from La.
We now list some examples of additive hereditary properties of graphs that will be
used in this paper:
O= {G ∈I: G is edgeless; that is E(G)= ∅};
Ok = {G ∈I: each component of G has at most k + 1 vertices};
Ik = {G ∈I: G does not contain Kk+2};
→ H = {G ∈I: G is homomorphic to a given graph H}:
Note that I1 is the set of all triangle free graphs.
2. Meet- and join-irreducible properties
To characterize the meet- and join-irreducible properties in the lattice La the follow-
ing result will be used:
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Theorem 2.1 (Borowiecki et al. [1]). Let P1 and P2 be any non-trivial additive hered-
itary properties of graphs. Then
(a) F(P1 ∩P2)=min⊆[F(P1) ∪ F(P2)];
(b) F(P1 ∪ P2)=min⊆[{H ∈I: there exists a pair of graphs G1 ∈F(P1) and
G2 ∈F(P2) such that G1 ⊆ H and G2 ⊆ H}].
The following simple result characterizes the ∧-irreducible properties of La. Its
proof follows immediately by (a) of Theorem 2.1. We remark that the property P
referred to in this theorem for which F(P)= {G} is also known as the set of G-free
graphs.
Theorem 2.2. A property P∈ La is ∧-irreducible if and only if there is a connected
graph G such that F(P)= {G}.
For the next result the concept of a chain of graphs is useful. We will 6x our ter-
minology by agreeing that a chain C of graphs is a set C= {G1; G2; : : :} of graphs
such that G1 ⊆ G2 ⊆ · · · . Note that this notation allows a chain to be a 6nite set of
graphs too. Finally we denote, for a set A of graphs, the set of connected graphs in A
by Aconn.
Theorem 2.3. Let P be an additive hereditary property of graphs. Then the following
are equivalent:
(a) P is ∨-irreducible in La;
(b) Pconn is an up-directed set of graphs;
(c) there is a chain C of graphs in Pconn such that P= [C]a⊆.
Proof. (a)⇒(b): Suppose that P is ∨-irreducible and let G and F be two connected
graphs in P. Suppose to the contrary that there is no connected graph in P containing
both F and G as subgraphs. Let P1 be the set of all graphs in P that do not contain
F and let P2 be the set of all graphs in P that do not contain G. Then both P1 and
P2 are proper subsets of P so P1 ∨P2 ⊆ P. Also, any connected graph in P is in
P1 or P2 so P ⊆ P1 ∨ P2. Hence, P=P1 ∨ P2, contradicting the fact that P is
∨-irreducible.
(b)⇒(c): Let (H1; H2; : : :) be a listing of the connected graphs in P. Construct the
chain C as follows: Let G1 =H1, and for each i¿ 1 let Gi be a connected graph in P
containing both Gi−1 and Hi as subgraphs. Then we clearly have G1 ⊆ G2 ⊆ · · · and
since each connected graph in P is a subgraph of some Gi, the chain C generates P.
(c)⇒(a): Suppose that P= [C]a⊆ where C= {G1; G2; : : :} is a chain of connected
graphs. If P=P1 ∨P2 then, since each Gi is connected, each Gi is in P1 or in P2.
If C is in6nite, then P1 or P2 contains in6nitely many of the Gi’s. Without loss of
generality, suppose that P1 contains in6nitely many of the Gi’s. But then, since P1 is
a hereditary property, every element of C is in P1 and thus P1 =P.
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The argument is similar if C is a 6nite chain: then we can assume without loss of
generality that P1 contains the largest element of the chain and again conclude that
P1 =P.
These results can now be brought together through co-properties: If P is a property
of graphs, then its complement I−P is said to be a co-property of graphs—see [3,2].
Let us denote the set of all co-properties by co-La. Clearly, (co-La;⊆) is also a
lattice since it is isomorphic to the lattice (La;⊇) which is the dual of the lattice
(La;⊆). Since in dualizing, meets and joins interchange, the ∧-irreducible elements of
a lattice correspond in a one-to-one way with ∨-irreducible elements of the dual of the
lattice. Therefore we immediately have
Corollary 2.4. Let P be an additive hereditary property of graphs. Then the following
are equivalent:
(a) P is ∧-irreducible in (La;⊆);
(b) P is ∨-irreducible in (La;⊇);
(c) I −P is ∨-irreducible in (co-La;⊆).
We now turn our attention to some examples in La. The connected graphs of every
◦-reducible property in La form an up-directed set since if G1 + H1 and G2 + H2 are
graphs in P ◦ Q with G1 and G2 in P and H1 and H2 in Q, then both G1 + H1
and G2 + H2 are subgraphs of the connected graph (G1 ∪ G2) + (H1 ∪ H2) which is
again in P ◦ Q. Hence, we can conclude from Theorem 2.3 that every ◦-reducible
property is ∨-irreducible. On the other hand, ◦-irreducible properties may be either
∨-irreducible (for example I1, the set of all triangle free graphs for which we can
see easily that Iconn1 is an up-directed set of graphs) or ∨-reducible (for example the
property generated by the set of all cycles). Also for each graph H , the hom-property
→ H is ∨-irreducible in La since (→ H)conn is up-directed—see for example the
characterization of → H in [7].
Since I1 is ∨-irreducible, we know that I1 can be generated by a chain of connected
graphs. In the following lemma we show one such generating chain.
In order to formulate it we need the graphs {G1; G2; : : :} given by the well-known
Mycielski–GrNotzsch construction (of triangle free graphs with high chromatic number)—
see for example [9,10]. In our presentation the following notation of Mycielski–GrNotzsch
graphs is used: Let G1 =K1, G2 =K2 and let, for each n¿ 3, Gn be constructed
from Gn−1, which we assume to have vertices v1; v2; : : : ; vp, by adding new vertices
w1; w2; : : : ; wp and w and joining each wi to the neighbours of vi, i=1; 2; : : : ; p while
joining w to each wi. Clearly, these graphs form a chain of triangle free graphs.
Lemma 2.5. The chain of Mycielski–Gr=otzsch graphs generates I1.
Proof. We prove a small re6nement of the result as stated by induction on n: For
every positive integer n every triangle free graph of order n is a subgraph of Gn.
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Since this is clearly true for n=1 and 2, we can proceed with the induction
step.
Assume therefore that, for some positive integer n− 1, every triangle free graph of
order n− 1 is a subgraph of Gn−1 and let G be a triangle free graph of order n. Let
v be any vertex of G; suppose it is of degree k. Consider G − v. Suppose without
loss of generality that it is a subgraph of Gn−1 with v1; v2; : : : ; vk as the vertices of
Gn−1 representing the neighbours of v. Then it is easy to see G as a subgraph of
Gn: Take w1; w2; : : : ; wk as the vertices of Gn representing the neighbours of v, w as
the vertex representing v and the other vertices as before in Gn−1. This proves the
lemma.
The two smallest non-trivial properties in La are both doubly irreducible:
The property O is ∧-irreducible since F(O)= {K2}; O is ∨-irreducible since it is
generated by the chain consisting of the single graph K1.
The property O1 is ∧-irreducible since F(O1)= {P3} where P3 is the path of order
three; O1 is generated by the chain consisting of the single graph K2.
In the next section we present a characterization of doubly irreducible properties
in La. These two examples will then be seen as special cases that fall out of the
pattern.
3. Doubly irreducible properties
Theorem 3.1. The following are equivalent for a property P∈La if P =O and P =O1:
(a) P is doubly irreducible;
(b) there is a connected graph G which has no vertices of degree one such that
F(P)= {G}.
Proof. (a) ⇒ (b): Suppose that P is doubly irreducible. Then, since P is ∧-irreducible,
we have by Lemma 2:2 that F(P)= {G} for some connected graph G, that is, P is
the set of G-free graphs. Now suppose (for a contradiction) that G has a vertex of
degree one. Let n denote the order of G.
First consider the case where G contains a cycle. Let e be an edge on a cycle of G.
Then both G− e and Kn−1 are in P since neither contains G as a subgraph. But since
P is ∨-irreducible we have by Theorem 2.3 that Pconn is up-directed. Therefore there
must be a graph H in Pconn containing both G− e and Kn−1 as subgraphs. Clearly, H
must have at least n vertices. If w is a vertex of H adjacent to any vertex of a copy
of Kn−1 in H , then G is contained in the subgraph of H spanned by V (Kn−1) ∪ {w},
contradicting the fact that H is in P and therefore should be G-free.
Now suppose that G is a tree. If G is not a path, then, by a similar argument as
above, there should exist a graph H in Pconn containing both Cn and Kn−1 as subgraphs,
again forcing G to be a subgraph of H . Finally, if G is a path on n vertices, then
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n¿ 3 and there should exist a graph H in Pconn containing both K1; n−1 and Kn−1 as
subgraphs, again forcing G to be a subgraph of H .
Since we arrive at a contradiction in each case we can deduce that G has no vertices
of degree one.
(b) ⇒ (a): Suppose that F(P)= {G} for some connected graph G which has no
vertices of degree one. By Lemma 2:2, P is then ∧-irreducible.
We show that P is ∨-irreducible by showing that Pconn is up-directed. Let F and H
be any two graphs in Pconn, that is, F and H are both connected and G-free. Suppose
that the longest path in G has m vertices. Form a connected graph by joining an
arbitrary vertex of F to an arbitrary vertex of H by a path with m edges. Then each
such connected graph is G-free: Since G has no vertices of degree one and F and H
are both G-free, a possible copy of G in such a graph has to contain vertices from
both F and H and therefore has to contain the path between them on m+ 1 vertices,
a contradiction.
Therefore each such graph is in Pconn and has both F and H as subgraphs.
4. Irreducibility and the lattice of ideals
In the investigation of the structure of the lattice La we can use the fact that La is a
distributive lattice. The structure of a 6nite distributive lattice is uniquely determined by
its non-zero ∨-irreducible elements—see e.g. [5, Theorem 9, p. 82]. In in6nite lattices,
such as La, the role of ∨-irreducible elements is taken over by prime ideals—see [5,
p. 83], This is our motivation to study prime ideals of the lattice La too.
In what follows we use the notation and terminology of [5]. The ideal generated by
a subset H of a lattice L will be denoted by (H ]. For H = {p} the principal ideal and
the dual principal ideal (principal ?lter) generated by {p} will be denoted by (p] and
[p), respectively. Recall that an ideal I of a distributive lattice L is prime if I =L and
whenever a and b are elements of L such that a ∧ b∈ I , then either a∈ I or b∈ I . A
prime dual ideal (prime 6lter) is de6ned dually. Note that I is a prime ideal of L if
and only if L− I is a prime dual ideal.
Since in any distributive lattice L, a non-zero element p is ∨-irreducible if and only
if L− [p) is a prime ideal, we have the following result by Theorem 2.3:
Theorem 4.1. Let P = ∅ be an additive hereditary property of graphs. Then the fol-
lowing are equivalent:
(a) P is ∨-irreducible in La;
(b) Pconn is an up-directed set of graphs;
(c) there is a chain C of graphs in Pconn such that P= [C]a⊆;
(d) La − [P) is a prime ideal of La
(e) [P) is a prime dual ideal of La.
Analogously we have by Theorem 2.2:
A.J. Berger et al. / Discrete Mathematics 251 (2002) 11–18 17
Theorem 4.2. Let P =I be an additive hereditary property of graphs. Then the
following are equivalent:
(a) P is ∧-irreducible in La;
(b) there is a connected graph G such that F(P)= {G};
(c) (P] is a prime ideal of La;
(d) La − (P] is a prime dual ideal of La.
Since the structure of the lattice La is very complicated, it is likely that there are
many other types of prime ideals in La. However, we have not been able to construct
any other examples of prime ideals in the lattice La. Perhaps the class of all -bounded
properties, i.e. the properties containing only graphs of chromatic number bounded by
some integer k, is a prime ideal of La—for more details see [6].
5. Conclusion
There are many other partial orders on the class of simple graphs I which are of
interest from a graph theoretic point of view. Let us mention for example the partial
orders given by the binary relations: “to be an induced subgraph”, “to be a contraction”
or “to be a minor”.
All these partial orders are so-called well-founded, i.e. every strictly descending chain
of graphs in each of these orders is 6nite.
Let 4 be any well-founded partial order on the class of all simple graphs I . A graph
property P is said to be 4-hereditary if G ∈P and H 4 G implies H ∈P. It is easy
to see that every additive 4-hereditary property P can also be uniquely characterized
by the set F(P)4 of connected minimal forbidden subgraphs. We can also generalize
Theorem 2.1 to this context:
Theorem 5.1. Let P1 and P2 be any non-trivial additive 4-hereditary properties of
graphs. Then
(a) F4(P1 ∩P2)=min4[F4(P1) ∪ F4(P2)];
(b) F4(P1 ∪ P2)=min4[{H ∈I: there exists a pair of graphs G1 ∈F4(P1) and
G2 ∈F4(P2) such that G1 4 H and G2 4 H}].
Using Theorem 5.1 we can generalize Theorems 4.1 and 4.2 too to this context.
For any relation 4, the structure of prime ideals of the corresponding lattice La4
depends on the relation 4. It is not clear, for example, what the implication of the
Graph Minor Theorem of Robertson and Seymour (see [4]), in this context will be. This
theorem states that for every minor hereditary property P the set F(P) of minimal
forbidden minors is 6nite. It perhaps has an implication for the prime ideals of the
lattice of minor hereditary properties.
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